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The nearest neighbor classiﬁcation is a simple and yet effective technique for pattern recognition.
Performance of this technique depends signiﬁcantly on the distance function used to compute similarity
between examples. Some techniques were developed to learn weights of features for changing the distance
structure of samples in nearest neighbor classiﬁcation. In this paper, we propose an approach to learning
sample weights for enlarging margin by using a gradient descent algorithm to minimize margin based
classiﬁcation loss. Experimental analysis shows that the distances trained in this way reduce the loss of the
margin and enlarge the hypothesis margin on several datasets. Moreover, the proposed approach consistently
outperforms nearest neighbor classiﬁcation and some other state-of-the-art methods.
& 2010 Elsevier B.V. All rights reserved.
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1. Introduction
The nearest neighbor (1-NN) rule, ﬁrst proposed by Fix and
Hodges, is one of the oldest and simplest pattern classiﬁcation
algorithms [1]. The performance of 1-NN classiﬁcation depends
crucially on the way that distances are computed. Distance
functions are used to measure the similarity between two patterns
for identifying the nearest neighbor of a query pattern.
In recent years, there has been growing interest in ﬁnding
variants of the 1-NN rule via learning distance functions from
samples [2–4] or prototype editing [5,6]. Goldberger et al. proposed
a method via a stochastic variant of the leave-one-out 1-NN score
on the training data to learn a Mahalanobis distance measure [10].
Weinberger et al. [12] introduced a method for learning a Mahalanobis distance metric from training samples by semideﬁnite
programming. In addition, Roberto et al. developed a prototype
weighting algorithm derived by approximately minimizing
the leaving-one-out classiﬁcation error of the given training set
[20]. Wang et al. developed an extremely simple adaptive distance
measure that assigns different weights to each sample [11].
Experimental analysis shows that these metrics learned from
training samples perform well on some real-world tasks.
In the last few years, the large margin principle has been used to
design classiﬁcation algorithms [7,12]. We can show that 1-NN
generates the classiﬁcation rule with the largest margin once the
proper deﬁnition of margin is used [8]. Motivated by this issue,
several algorithms are developed to estimate the weights of
features. The weights are then used in feature selection and
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distance learning [8,15,21]. The classiﬁcation margin in the derived
feature space is large.
In fact, margin based loss functions, instead of margin itself, are
used in characterizing the complexity of classiﬁcation [17,21].
Classiﬁcation loss is a function of margin, such as hinge loss used in
SVM [9,22]. Breiman showed that AdaBoost minimizes the exponential loss function of margin [13]. Mason et al. proposed
AnyBoost classiﬁcation procedures that perform gradient descent
in the function space with general loss functions of the margin [14].
Weinberger et al. proposed LMNN for k nearest neighbor classiﬁcation from labeled examples using hinge loss [16].
In this paper, we introduce a technique to enlarge classiﬁcation
margin by learning weights of samples. The optimization objective
is to minimize classiﬁcation loss with a gradient decent algorithm.
Experimental analysis shows that all the metrics trained with SWLMLM greatly reduce the loss of the hypothesis margin and enlarge
the hypothesis margin on several benchmark datasets, and the
proposed approach consistently outperforms the nearest neighbor
rule and A-NN [11].
The rest of the paper is organized as follows. Section 2
introduces some basic concepts about hypothesis margin and
margin based loss functions. In Section 3, a sample weighted
distance learning algorithm is proposed via minimizing margin
based loss. Section 4 presents experimental results on artiﬁcial and
real-world datasets. Finally, conclusions are given in Section 5.

2. Preliminaries
Some related deﬁnitions and theorems about margin, generalization and classiﬁcation loss are reviewed in this section.
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m
For a sample S ¼ fðxk ,yk Þgm
k ¼ 1 A ðx  f 71gÞ and a constant g 4 0,
we denote the g-sensitive training error to be

2.1. Hypothesis margin
According to the statistic learning theory, the conﬁdence of a
classiﬁer with respect to its predictions can be measured by class
margin. There are two natural ways to deﬁne the margin of an
instance with respect to a classiﬁcation rule. One is to deﬁne
margin as the distance between the instance and the decision
boundary, such as support vector machines [23].
Besides, given an instance x, an alternative deﬁnition, hypothesis margin, with respect to a set of samples S, is deﬁned as

yðxÞ ¼ 12ðJxNMðxÞJJxNHðxÞÞ

i¼1

where wi is the weight of feature ai. If we learn weights for different
features from labeled training data, we call this technique feature
weight learning [15,22].
On the other hand, one can also assign different weights to
samples for changing the distance structure of samples. In this case,
the sample weighted distance from x2 to x1 is computed with
wðx1 ÞJx2 x1 J, where w(x1) is the weight of sample x1. Correspondingly, the sample weighted distance from x1 to x2 is wðx2 ÞJx1 x2 J.
Generally speaking, wðx1 ÞJx2 x1 J awðx2 ÞJx1 x2 J for wðx1 Þ awðx2 Þ.
Thus the sample weighted distance does not satisfy the conditions
of a general distance function.
Given a sample weighted distance function, the sample
weighted hypothesis margin of an instance x with respect to a
set of samples S is
ð3Þ

This hypothesis margin reﬂects the distance that instance would be
misclassiﬁed if it walks close to the samples with different
decisions.
2.2. Margin based generalization bound and classiﬁcation loss
It has been shown [1] that the nearest neighbor rule has
asymptotic error rate that is at most twice the Bayes error rate,
independent of the distance metric used. However the training
error is thus too rough to provide information on the generalization
performance of 1-NN. A more detailed measure is needed so as to
provide meaningful generalization bounds. Gilad-Bachrach gave us
the generalization bound for 1-NN [8] with respect to the classiﬁcation margin.
Deﬁnition 1. Let D be a distribution over X{ 71} and h : x-Xf 71g
is a classiﬁcation function. We denote errorD(h) by the generalization error of h with respect to D:
errorD ðhÞ ¼ Pr ðhðxÞ ayÞ
ð4Þ
x,y  D

4

errorðhÞ ¼
s

1
jfðk : hðxk a yk ÞÞ or xk has sample margin!ggj
m

ð5Þ

4

g is a given constant. error s ðhÞ denotes the average number of the
samples that are misclassiﬁed or have sample margin less than g.
Theorem 1. Let D be a distribution over RN A f 71g which is supported
on a ball of radius R in RN. Let d 4 0 and S be a sample of size m.With
probability 1d over the random choice of S, for any g A ð0,1:

ð1Þ

where NM(x) and NH(x) are the nearest points from the same and
different labels, called nearest miss (NM) and nearest hit (NH),
respectively, and JxNMðxÞJ and JxNHðxÞJ mean the distances
between x and NM(x) and NH(x) [8,23]. Here, the size of the margin
depends on the distance function. Based on the above deﬁnition,
Crammer et al. derived a training algorithm that selects a good set
of prototypes using large margin principles [7]. Moreover, this type
of margin has also been used in AdaBoost [18] with the L1-norm.
Throughout this paper, we mainly discuss the margin for the
nearest neighbor (1-NN) classiﬁcation. As to margins for 1-NN,
Crammer et al. proved that the hypothesis margin lower bounds
the sample margin and it is easy to compute the hypothesis margin
of an instance with respect to a set of samples [7].
Generally, a weighted distance can be written as
vﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
u N
uX
ð2Þ
Dðx1 ,x2 Þ ¼ t
w2i jf ðx1 ,ai Þf ðx2 ,ai Þj2

yw ðxÞ ¼ 12½wðNMðxÞÞJxNMðxÞJwðNHðxÞÞJxNHðxÞJ
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errorðhÞr error s ðhÞþ
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2
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8
dln
log2 ð578mÞ þ ln
þ ðN þ 1ÞlnN
gd
m
d

where h is the nearest neighbor classiﬁcation rule and d ¼ ð64R=rÞN .
From Theorem 1 [8], we can conclude that margin has great
impact on the generalization of 1-NN. Large margin can reduce the
generalization error of this rule. We can improve the performance
of the nearest neighbor rule by enlarging the margin.
In practice, loss functions are used in machine learning for
ﬁnding the optimal classiﬁcation functions [13]. In these techniques, a margin based loss is associated for each hypothesis with
respect to a sample. Hence, given a set of samples S ¼{x1,y,xn}, we
can deﬁne the hypothesis margin based loss function as
1X
LðSÞ ¼
lðyðxÞÞ
ð6Þ
n xAS
where yðxÞ is the hypothesis margin of the sample x, lðyðxÞÞ is the
loss of the sample x and L(S) is the loss of the whole set S.
Some loss functions were proposed for different applications [23].
For instance, AdaBoost uses the exponential loss function, while SVM
uses the hinge loss. In this paper, four loss functions are used to learn
the sample weights, including the linear loss function lðyÞ ¼ 1y, the
logistic loss function lðyÞ ¼ logð1 þ expðyÞÞ, the exponential loss
2
function lðyÞ ¼ expðy =uÞ and the surrogate loss function lðyÞ ¼
expðyÞy. Usually users employ non-negative loss functions. Some
of the loss functions we use here would produce negative values to
guarantee that objective functions are consistent.

3. Distance learning for minimizing loss of hypothesis margin
In the above section, four margin based loss functions are
introduced. We can minimize the loss of hypothesis margin by
sample weighted metric learning. The sample weighted loss
functions are deﬁned as follows:
Lw ðSÞ ¼



1X w
1X 1
½wðNMðxÞÞJxNMðxÞJwðNHðxÞÞJxNHðxÞJ
lðy ðxÞÞ ¼
l
n xAS
n xAS 2

ð7Þ
We obtain the four loss functions after sample is weighted. The four
sample weighted loss functions are
1X
1
Lw
1 ½wðNMðxÞÞJxNMðxÞJwðNHðxÞÞJxNHðxÞJ
1 ðSÞ ¼
n xAS
2
Lw
2 ðSÞ ¼

Lw
3 ðSÞ ¼



1X
1
exp  ½wðNMðxÞÞJxNMðxÞJwðNHðxÞÞJxNHðxÞJ
n xAS
2




1X
1
log 1 þ exp  ½wðNMðxÞÞJxNMðxÞJwðNHðxÞÞJxNHðxÞJ
n xAS
2

Lw
4 ðSÞ ¼



1X
1
exp  ½wðNMðxÞÞJxNMðxÞJ; wðNHðxÞÞJxNHðxÞJ
n xAS
2
1
 ½wðNMðxÞÞJxNMðxÞJwðNHðxÞÞJxNHðxÞJ
2
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In the previous section, we have concluded that we can reduce
the generalization error of the 1-NN via minimizing loss of
hypothesis Margin. Now, we minimize loss of hypothesis margin
via sample weighted distance learning.
The weights of samples are usually set as the same value. In this
case, we consider that wj ¼1. However, it is known that the
importance of samples is different. Distances are measured differently depending on the location of the samples. Thus we develop an
algorithm to optimize the weight vector W ¼ /w1 ,w2 , . . . ,wj , . . . ,
wn S of samples. The optimization objective function is the loss
function of hypothesis margin.
In fact, we should note that the margin based loss Lw(S) not only
depends on the weights w, but also is up to the NM(x) and NH(x) in
that for each x A S, the NM(x) and NH(x) may change if the weights
are varied. Accordingly, we can deﬁne the loss function as follows:
Lw ðSÞ ¼ f ðw,TðwÞÞ

ð8Þ

where T(w) is a function that can ﬁnd the nearest miss and nearest
hit of x. Now we compute the partial derivatives of Lw(S) as
@Lw ðSÞ
@f
@f @TðwÞ
¼
þ
@w
@w @TðwÞ @w

ð9Þ

It is easy to get @f =@w. However, the second term T(w) is not a
continuous function of w. While this formulation can still be
followed to some extent, the development becomes rather cumbersome and it does not really lead to useful approximations.
Therefore, we assume that the samples neighborhoods remain
unchanged for sufﬁciently small variations of the weights, like the
technique in [20].
Based on the above assumption, we know Lw(S) is smooth, we
can use gradient descent to minimize it. The minimization of Lw(S)
by gradient descent consists in an iterative procedure which
updates the weights w(i) by a small amount, in the negative
direction of the gradient of Lw(S):
wðiÞ ¼ wðiÞZ

@Lw ðSÞ
@wðiÞ

ð10Þ

With regard to the linear loss function, the update equations are
given as
8
>
>
>
>
<

9
>
>
>
>
=
P
P
DðwðNHðxÞÞÞZ2
DðwðNMðxÞÞÞ
wðiÞ ¼ wðiÞ >Z1
>
>
>
8x A S
8x A S
>
>
>
>
:
;
indexðNHðxÞÞ ¼ i
indexðNMðxÞÞ ¼ i

P
w
where @Lw ðSÞ=@wðNHðxÞÞ ¼
8x A S DðwðNHðxÞÞÞ, @L ðSÞ=@wðNMðxÞÞ ¼
P
8x A S DðwðNMðxÞÞÞ.
Given a set of training samples, we can iteratively search the
weight with the following procedure.

Algorithm 1. Sample weight learning via minimizing loss of
margin (SWL-MLM)
1:
2:

procedure INITIALIZE(w ¼ o 1,1, . . . ,1 4, loss¼0, loss1¼1,
e 4 0:001)
8x A U, compute NM(x) and NH(x),
P
m ¼ m1
ðJxNMðxÞJJxNHðxÞJÞ

The values of Z are referred to as learning rates or learning step
factors. It can take just a ﬁxed value for all samples or may vary on
different samples. For instance, they may be inversely proportional
to the variance of each sample. Two different learning rates Z1 and
Z2 are set for the gradient DðwðNMðxÞÞÞ and DðwðNHðxÞÞÞ, because we
cannot guarantee the distance between the nearest hit of the
sample x and the class center, that is, the nearest hit of the sample x
is not necessarily closer to the class center and it may be anywhere
in the sample space. However, the nearest miss of is on or close to
the classiﬁcation boundary to a certainty. Hence, we set Z1 as zero
and give Z2 an appropriate positive value.
In essence, SWL-MLM mainly assigns greater weights to the
boundary samples whose hypothesis margin is very small or
negative and does not change weights of non-boundary samples.
In order to simplify the learning process, the learning rate Z1 for the
gradient DðwðNHðxÞÞÞ can be set as zero. Thus, the weights of nonboundary samples keep unchanged. The closer a sample point is to
the classiﬁcation boundary, the positive gradients DðwðNMðxÞÞÞ of
more heterogeneous samples are added to the weight of this
sample.
The computational complexity of SWL-MLM is O(Tm), where T is
the number of iterations and m is the size of the samples S.

4. Experimental analysis
In this section, we test the sample-weighted technique with
some real-world datasets. We gathered ten datasets from UCI
machine learning repository [19]. The difference of hypothesis
margin before and after samples are weighted is given in Table 1.
We can see that the average hypothesis margin of the datasets
greatly increases after samples are weighted.
We also compute the hypothesis margin based loss before and
after samples are weighted. From Table 2, we can see that the loss
has been reduced on all the datasets regardless of loss functions. In
fact, we can easily get the variation trend of loss through the
variance of the hypothesis margin because the hypothesis margin is
in inverse proportion to the margin based loss. From Tables 2 and 3
we can ﬁnd that different loss functions give different margins and
loss and even if the loss function gives the largest increase of
margin, it is not reﬂected as the minimum decrease of loss using
that function for the given dataset. Actually, as to each loss
function, their gradient is different. Therefore, the weights of the
samples we learned are different with respect to each loss function.
That is why different loss functions give different margins and loss.
In addition, hypothesis margin or loss is the average margin or loss
of all the samples. As to different loss functions, the margin of each
sample is different after samples are weighted. Hence, even if the
loss function gives the largest increase of margin, we cannot
guarantee that it gives the minimum decrease of loss.
Table 1
Hypothesis margin before and after sample-weighted.
Data

Before
weighted

After weighted
L-SWL

LL-SWL

EL-SWL

SL-SWL

2.0365
2.4738
12.9244
0.9491
0.4389
0.2164
0.4046
5.3582
9.8169
2.6544

2.7339
2.6575
12.8163
1.1195
0.4748
0.4661
0.4356
5.4221
8.1156
2.6778

1.3832
1.7667
8.4353
4.1819
0.4345
0.2021
0.3991
5.7092
5.6307
2.6482

2.3494
2.6117
13.2502
1.0204
0.4649
0.3200
0.4261
0.8086
7.2531
2.6802

xAU

3:
while jloss1lossj 4 e do
4:
loss1¼ loss
5:
for i¼1, 2 n do
6:
wðNHðxÞÞ ¼ wðNHðxÞÞZ1 DðwðNHðxÞÞÞ
7:
wðNMðxÞÞ ¼ wðNMðxÞÞ þ Z2 DðwðNMðxÞÞÞ
8:
end for
9:
Compute the loss after samples are weighted, loss¼Lw (S)
10: end while
11: end procedure

Heart
Hepatitis
Horse
Iono
WDBC
WPBC
Wine
German
Crx
Derm

0.4478
0.5326
1.2092
0.4248
0.2594
0.0599
0.2744
0.3131
4.3239
2.3138
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Table 2
Comparison of margin based loss before and after sample-weighted.
Data

L-SWL

Heart
Hepatitis
Horse
Iono
WDBC
WPBC
Wine
German
Crx
Derm

L-SWL

LL-SWL

SL-SWL

Before

After

Before

After

Before

After

Before

After

0.5522
0.4674
 0.2092
0.5752
0.7406
0.9401
0.7256
0.6869
 3.3239
 1.3138

 1.0365
 1.4738
 11.9244
0.0509
0.5611
0.7836
0.5954
 4.3582
 8.8169
 1.6757

0.5466
0.5062
0.3682
0.5241
0.5770
0.6658
0.5683
0.6137
0.8491
0.1916

0.5316
0.3219
0.0070
0.3642
0.5083
0.5269
0.5055
0.0307
0.8098
0.1506

0.4724
0.4838
0.3770
0.6352
0.7498
0.7617
0.7307
0.4359
0.4253
0.5233

0.2021
0.1207
0.0309
0.2450
0.6098
0.3847
0.5690
0.3718
0.1039
0.4554

 0.9120
0.1885
 3.0640
0.2852
0.5272
0.8904
0.4948
0.6612
 3.2846
 2.0700

 2.7850
 1.4173
 17.925
 0.4800
0.2185
0.4751
0.2446
 0.0180
 6.2395
 2.5036

Table 3
Classiﬁcation accuracy of SWL-MLM and 1-NN.
Data

1-NN

L-SWL

LL-SWL

EL-SWL

SL-SWL

Heart
Hepatitis
Horse
Iono
WDBC
WPBC
Wine
Crx
Derm
IRIS

76.6 79.4
82.5 77.6
87.2 74.2
86.4 74.9
95.4 73.3
70.67 6.8
94.8 75.1
79.1 711.6
96.1 75.7
96.07 5.6

79.37 6.6
85.77 8.6
90.27 2.6
89.67 6.0
97.27 2.2
77.27 6.5
96.67 2.9
84.27 16.8
97.97 3.0
97.37 4.7

80.4 7 5.8
84.8 7 8.2
90.5 7 3.4
90.1 7 5.5
97.2 7 2.2
74.7 7 6.3
96.6 7 2.9
81.4 7 13.0
98.2 7 2.3
97.3 7 4.7

79.3 7 5.8
85.8 7 8.8
89.8 7 3.4
90.4 75.6
97.4 7 2.2
75.7 7 5.7
96.6 7 2.9
83.3 7 15.9
97.9 7 2.9
97.3 7 4.7

81.9 75.5
85.3 78.0
90.07 3.4
90.17 4.9
97.4 72.2
74.3 75.4
96.6 72.9
82.9 712.9
97.9 73.0
97.3 74.7

Table 4
Classiﬁcation accuracy of A-1-NN Relief LSVM and LVQ.
Data

A-1-NN

Relief

LSVM

LVQ

Heart
Hepatitis
Horse
Iono
WDBC
WPBC
Wine
German
Crx
Derm
IRIS

77.0 7 5.5
83.2 7 9.4
88.1 7 3.1
90.1 7 4.1
96.5 7 2.5
72.7 7 10.3
96.6 7 2.9
71.3 7 2.8
80.7 7 11.7
96.3 7 0.5
97.3 7 4.7

82.9 76.8
79.7 79.7
90.77 4.3
77.6 75.7
94.7 72.6
77.2 78.0
97.2 73.0
69.3 74.0
79.8 715.1
96.5 72.4
94.7 74.2

83.3 7 5.3
86.2 7 7.7
93.0 7 4.4
87.6 7 6.5
97.7 7 2.5
7.4 7 7.7
98.9 7 2.4
73.7 7 4.7
85.5 7 18.5
96.5 7 2.8
97.3 7 4.7

78.9 7 10.2
83.8 7 10.3
88.3 7 6.3
86.9 7 5.3
96.0 71.9
69.7 7 7.3
94.9 7 6.3
70.9 74.9
84.1 7 3.5
97.3 7 3.2
95.7 7 3.7

In order to show the inﬂuence of the new technique on the
classiﬁcation, we compare it to 1-NN, A-NN [11], Relief, LSVM and
LVQ. In Table 4, the experiment results indicate that 1-NN using the
sample-weighted technique is much better than the original NN
classiﬁer and A-NN. Regardless of loss functions, the improvements
of the sample-weighed method by minimizing the hypothesis
margin based loss functions are statistically signiﬁcant. These
results conﬁrm that the ﬁrst nearest neighbor identiﬁed according
to the sample-weighted technique is more likely to have the same
class label as the query pattern than the ﬁrst nearest neighbor
identiﬁed with all the sample in the dataset treated as equally
important.
It is shown that Relief is based on the large-margin principle. We
can calculate weights for features by Relief, and the weights can
also be used for feature weighting. From Table 4, we can see that
SWL-MLM outperforms Relief when the weights learned by Relief is
used to weight features. Besides, the proposed method is very
similar to SVM in the sense that SVM is a linear combination of

some prototypes (support vectors) and in the paper the sample
weight can be seen as the weight that the SVM set to each prototype
as well. In this sense, we compare the proposed method to LSVM
(one of the best classiﬁer in pattern recognition). In Table 4, we can
see that although SWL-MLM is better than LSVM on some datasets,
the average classiﬁcation accuracy of LSVM is higher than the
proposed one. Besides, the average classiﬁcation accuracy of LVQ
which maximizes the margin by prototype learning, is lower than
SWL-MLM.
It is worth noting that no signiﬁcant difference is found among
different loss functions based algorithms. As to some tasks, line
loss gets the best performance, however, sometimes, exponential
loss produces the highest classiﬁcation accuracy. As a whole,
no loss function consistently outperforms other functions. The
difference in performance is not signiﬁcant enough for discerning.
In this sense, we can select any of them in real-world applications
or tries some of them to ﬁnd the best solution.

5. Conclusions
The performance of NN classiﬁcation depends crucially on the
way that distances are computed. In this paper, with margin based
loss functions, we obtain sample weighted metrics for samples. We
test the sample-weighted technique SWL-MLM with some realworld datasets and ﬁnd that the classiﬁcation loss is greatly
reduced. Besides, we show how the sample-weighted technique
impacts on the classiﬁcation boundary and the hypothesis margin.
In these experiments, the proposed approach outperforms nearest
neighbor classiﬁcation and several state-of-the-art methods in
terms of classiﬁcation accuracy.
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