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Bagging is a simple and effective technique for generating an ensemble of classiﬁers. It is found there
are a lot of redundant base classiﬁers in the original Bagging. We design a pruning approach to bagging
for improving its generalization power. The proposed technique introduces the margin distribution
based classiﬁcation loss as the optimization objective and minimizes the loss on training samples,
which leads to an optimal margin distribution. Meanwhile, in order to derive a sparse ensemble, l1
regularization is introduced to control the size of ensembles. By this way, we can obtain a sparse weight
vector of base classiﬁers. Then we rank the base classiﬁers with respect to their weights and combine
the base classiﬁers with large weights. We call this technique MArgin Distribution base Bagging
pruning (MAD-Bagging). Simple voting and weighted voting are tried to combine the outputs of
selected base classiﬁers. The performance of this pruned ensemble is evaluated with several UCI
benchmark tasks, where base classiﬁers are trained with SVM, CART, and the nearest neighbor (1NN)
rule, respectively. The results show that margin distribution based CART pruned Bagging can
signiﬁcantly improve classiﬁcation accuracies. However, SVM and 1NN pruned Bagging improve little
compared with single classiﬁers.
& 2012 Elsevier B.V. All rights reserved.
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1. Introduction
Bagging is one of the most popular methods in constructing
classiﬁer ensembles [1]. The technique trains a collection of base
classiﬁers on bootstrap replicates of the training set and combines
the outputs of base classiﬁers with simple voting. The effectiveness of the technique has been empirically veriﬁed in many
pattern recognition tasks. In general, the error of Bagging
becomes smaller as base classiﬁers aggregated in the ensemble
increase [2]. Eventually, the error asymptotically approaches a
constant level with a large ensemble size.
In order to get good performance, many base classiﬁers are
usually required in Bagging. Much computational resources are
occupied. Both space complexity and time complexity are very
high. In fact, majority of base classiﬁers can be removed from the
original ensemble, in the meanwhile the classiﬁcation performance will not drop. Sparse ensembles were proposed to build
such multiple classiﬁer systems [3]. Sparse ensembles mean
combining the outputs of base classiﬁers with a sparse weight
vector, where each classiﬁer is assigned a weight value, but only
several weights are nonzero. The base classiﬁers with zero
weights are not used in the ﬁnal decision making. Thus most of
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the base classiﬁers are removed from the original ensembles. This
technique is also called pruned ensembles or selective ensembles
[4–7].
Tamon et al. proved that the problem of selecting the best
combination of classiﬁers from an ensemble was NP-complete [8].
Since some optimization methods, such as GA [9] and semideﬁnite programming [10], have been introduced for selecting
base classiﬁers with heuristic information. Some suboptimal
ensemble pruning methods based on ordered aggregation were
proposed, including reduce-error (RE) pruning [11], margin distance minimization (MDM) [4], orientation ordering [5], boostingbased ordering [7], expectation propagation [12], and so on. And
the LP-Adaboost method in Yao and Liu [13], the GA-based
method in [14], and the WV-LP method in [3] can be considered
as sparse ensembles.
In the last decade, it was shown that the generalization performance of a classiﬁer is related with the margin distribution on
training samples and the generalization error of a classiﬁer can be
reduced by explicitly optimizing the margin distribution [15,16].
Lodhi et al. designed a boosting method to optimize the margin
distribution based generalization bound [17]. This technique produced considerable improvements over AdaBoost. In 2010, Shen and
Li proposed a margin-distribution boosting algorithm [18], which
directly optimizes the margin distribution: maximizing the average
margin and at the same time minimizing the variance of the margin
distribution. This technique is built on the assumption that margins
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of samples satisfy Gaussian distribution. However, this assumption
does not hold in real-world applications.
The current ensemble pruning methods for Bagging do not
consider the margin distribution of ensembles. In this paper, we
propose a new sparse ensemble method for Bagging pruning, named
as MArgin Distribution based Bagging (MAD-Bagging) pruning. This
method is similar to the WV-LP method proposed in [3]. Both of
them are focused on the training error of ensembles, instead of the
classiﬁcation performance of base classiﬁers. Here, we introduce a
regularized classiﬁcation loss function, where the margins of samples in an ensemble is used to compute the classiﬁcation loss and l1
regularization is added to the optimization objective for obtaining a
sparse weight vector of base classiﬁers. However, WV-LP uses a
weighted combination method to compute the training error and
the continuous outputs of individual classiﬁer are required. What is
more, WV-LP used multiple feature subsets to generate the ensembles of KNN classiﬁers. In our work, Bagging is used to build multiple
classiﬁers. We utilize SVM, CART, and 1NN algorithms in training
base classiﬁers. Simple voting [19] and weighted voting [20] are
tried in combining the predictions of the selected base classiﬁers.
The objective is to ﬁnd an optimal weight training technique and an
effective approach to exploiting the trained weights.
The rest of this paper is organized as follows. In Section 2, we
describe the original Bagging method and some current ensemble
pruning techniques. Section 3 presents the framework of MADBagging, including loss functions, the solution to the optimization
objective, and the combination rule with the weights. Experimental analysis is presented in Section 4. Finally, conclusions are
listed in Section 5.

2. Bagging and related research
Bagging is a popular ensemble method introduced by Breiman
in 1996 [1]. The idea of Bagging is simple and appealing: the
ensemble consists of base classiﬁers built on bootstrap replicates
of the training set. The outputs of base classiﬁers are combined
with the technique of the plurality voting.
Assume we have a training set X ¼ fðxi ,yi Þ9xi A RNf gN
i ¼ 1 with
yi A f1; 2, . . . ,cg. Nf is the dimensionality of the sample space, c is
the number of classes, and N is the number of training samples.
More precisely, the Bagging algorithm can be described as follows.
1. Generate T bootstrap samples of N points fX j gTj ¼ 1 from X with
probability weights p(i). In this paper, we use pðiÞ ¼ 1=N.
2. For j ¼ 1, . . . ,T, train a base classiﬁer hj on the bootstrap
sample X j .
3. Classify new points using the simple majority vote of the
ensemble
^
yðxÞ
¼

max

m ¼ 1;2,c

T
X

wj hjm ðxÞ,

ð1Þ

j¼1

where wj ¼ 1, and hjm ðxÞ is the output of the j-th classiﬁer for
sample x associated with class m.
We can see that the original Bagging method combines the
outputs of all classiﬁers. And the diversity of base classiﬁers in
Bagging is generated by using different training data with the
bootstrap method. Bootstrap is a technique for random sampling
with replacement. So some objects could be represented in a new
set once, twice or even more times and some objects may not be
represented at all. Taking a bootstrap replicate of the training
sample set, one can avoid or get less ‘outliers’ in the bootstrap
training set. By this way the bootstrap estimates of the data
distribution parameters are robust [21].

However, Bagging is not always effective. Breiman provided a
qualitative description of the learners with which Bagging can be
expected to work [1]: they have to be unstable, in the sense that
small variations in the training set can lead to produce signiﬁcantly different models. Decision trees and neural networks are
examples of such learners. In contrast, the nearest-neighbor
method is stable. Bagging is of little value when applied to stable
classiﬁers. Domingos thought that Bagging worked because it
effectively shifted the prior to a more appropriate region of model
space [22]. The effectiveness of Bagging was also investigated
by Tibshirani [23], and Wolpert and Macready [24], with the
bias–variance decomposition to estimate the generalization error.
As to the size of Bagging, only some empirical guidelines have
been given. It is well known that the misclassiﬁcation rate of Bagging
tends to an asymptotic value as the ensemble size increases. In 2008,
Fumera, Roli and Serrau offered an analytical model of Bagging
misclassiﬁcation probability as a function of the ensemble size and
showed preserving a few base classiﬁers is enough for obtaining
good performance [25]. Several other researchers also proposed
methods to select base classiﬁers generated by Bagging, with the
aim of improving the ensemble accuracy and reducing its size.
There are six main algorithms for Bagging pruning. In 1997,
Margineantu and Dietterich introduced some techniques for
ensemble pruning [11], where reduce-error (RE) pruning was
considered as a sophisticated algorithm. They proposed a backﬁtting search strategy, which starts with the best base classiﬁer,
and then adds a base classiﬁer such that the voted combination
has the lowest error. These two steps are the same as the greedy
search. After that, backﬁtting revisits the selected classiﬁers one
by one and replaces each selected classiﬁer with another candidate for obtaining the best classiﬁcation performance. Obviously,
the time complexity of backﬁtting is very high.
In 2002, Zhou et al. derived a conclusion that selective
ensemble is better than combining all base classiﬁers and developed a genetic algorithm based selectors GASEN, where the
estimated error is used as the optimization objective [9].
In 2004, Martinez-Muoz and Suarez proposed a margin distance minimization algorithm (MDM) [4], where a matrix is
deﬁned. The element eij in the matrix is 1 or  1. If sample xj is
correctly classiﬁed by base classiﬁer hi, eij ¼ 1; otherwise, eij ¼ 1.
In this case, the mean of the jth column is the classiﬁcation margin
of sample xj. Obviously, the margin takes values in [1, 1]. If the
samples are correctly classiﬁed by the ensemble, the margin is larger
than zero. If we view the vector of sample margins as a point in Ndimensional space, then the samples are correctly classiﬁed when the
corresponding points are located in the ﬁrst quadrant. With this
observation, the authors set a point in the ﬁrst quadrant as an
objective point. They selected the base classiﬁer minimizing the
distance between the objective point and the margin vectors in
each step.
In 2006, Martı́nez-Muñoz and Suárez introduced a quantity to
measure how a classiﬁer maximizes the alignment of a signature
vector of the ensemble with a direction that corresponds to
perfect classiﬁcation performance on the training set. Then they
used this quantity to sort the base classiﬁers [5]. In 2007, boosting
was introduced to compute ordering of base classiﬁers [7]. In
2009, Chen et al. designed an expectation propagation algorithm
to approximate the posterior estimation of the weight vector and
get a sparse weight vector [12].

3. Weight learning based on margin distribution
Much work on learning machines has been devoted to study
how to control the generalization performance these years.
Schapire et al. [26] gave an upper bound for the generalization
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error of a voting classiﬁer. This bound does not depend on how
many classiﬁers are combined, but depends on the margin
distribution over the training set, the number of the training
examples and the VC dimension of base classiﬁers. This theory
indicates that good margin distribution is the key to the success of
AdaBoost. Some other results from the theoretical analysis also
suggest that good margin distributions lead to good generalization performances [15,17,27–29].
Provided we have a training sample set X ¼ fðxi ,yi ÞgN
i ¼ 1 with
yi A f1; 1g for a binary classiﬁcation task. Here, a base classiﬁer hj
is a mapping from X to f1; 1g. The voted ensemble f(x) is of the
form
f ðxÞ ¼

T
X

wj hj ðxÞ

j¼1
T
X

wj ¼ 1,

wj Z0, j ¼ 1; 2, . . . ,T,

ð2Þ

j¼1

the whole training set is
2
3 2
32
3
r1
w1
d11 ,d12 , . . . ,d1T
6
7 6
76
7
6 r2 7 6 d21 ,d22 , . . . ,d2T 76 w2 7
7¼6
76
7
r¼6
6 ^ 7 6 ^, ^,&,^
76 ^ 7
4
5 4
54
5
rN
wT
dN1 ,dN2 , . . . ,dNT
¼ ½D1 ,D2 , . . . ,Dj , . . . ,DT w ¼ Dw

yi f ðxi Þ r0:

ð3Þ

Since hj A f1; 1g,
X
yi f ðxi Þ ¼
wi 
i:yi ¼ hi ðxi Þ

T
X
j¼1

i

i

¼ minJ1DwJ2 þ lJwJpp

wi :

w

i:yi a hi ðxi Þ

Hence yi f ðxi Þ is the difference between the weights assigned to the
correct label and the weights assigned to the wrong label. yi f ðxi Þ is
considered as the sample margin ri with respect to the voting
classiﬁer f [26]. Obviously, ri takes values in the interval [ 1,1].
We have

ri ¼ yi f ðxi Þ ¼ yi

i

The above optimization cannot output sparse weight vectors.
The regularization technique can be utilized to control the
complexity of the model f(x). Thus, the quantity actually minimized on the data is a regularized version of the loss function:
X
wðlÞ ¼ min Cðyi f ðxi ÞÞ þ lJwJpp
w

X

ð5Þ

where Dj is the vector of margins with respect to the base
classiﬁer hj on the whole training set.
As to multi-class tasks, yA f1; 2, . . . ,cg. dij cannot be computed
through yi hj ðxi Þ directly. We deﬁne that dij ¼ 1 if xi is correctly
classiﬁed by the individual classiﬁer hj; otherwise dij ¼ 1.
In order to obtain better generalization ability, the above
P
voting model f(x) should minimize the loss criterion i Cðyi f ðxi ÞÞ
which is a function of the margin distribution ri ¼ yi f ðxi Þ of this
model on the data. Here, we use the squared hinge loss
X
X
X
Cðyi f ðxi ÞÞ ¼
ð1yi f ðxi ÞÞ2 ¼
ð1ri Þ2 ¼ J1DwJ2 :
ð6Þ
i

where wj is the weight assigned to the base classiﬁer hj and T is
the number of base classiﬁers in the system. An error occurs to
sample xi if and only if the output of voting classiﬁer and the label
yi do not have the same sign, i.e.

13

wj hj ðxi Þ ¼

T
X

wj yi hj ðxi Þ:

With this deﬁnition, we can see if wj is large, the base classiﬁer
hj contributes much to the margin of samples. So the classiﬁers
with larger weights play a more important role than others. We
should select the base classiﬁers with large weights in selective
ensembles.
Note that yi hj ðxi Þ A f1; 1g can reﬂect whether xi is correctly
classiﬁed by classiﬁer hj. If yi hj ðxi Þ ¼ 1 xi is correctly classiﬁed
while yi hj ðxi Þ ¼ 1 xi is misclassiﬁed. yi hj ðxi Þ is the margin with
respect to the base classiﬁer dij. We obtain that the margin r on

X2
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.
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Base classifier 1
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.
.
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.
.
.
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Base classifier T

Table 1
Data sets.
Number

Data

Samples

Features

Classes

1
2
3
4
5
6
7
8
9
10
11
12

Credit
German
Glass
Heart
Hepatitis
Horse
Iono
Sonar
Votes
WDBC
Wine
WPBC

690
1000
214
270
155
368
351
208
435
569
178
198

15
20
9
13
19
22
34
60
16
31
13
33

2
2
6
2
2
2
2
2
2
2
3
2

min ||1 Dw ||2
w

s.t. w j

Sorted base classifier 1

0, j 1, 2,

|| w ||1
,T

Find the
weight

Sort the classifiers according to weight

Test set (TestX)

ð7Þ

ð4Þ

j¼1

X1

s:t: wj Z 0

vector w

Prediction h1

Prediction h2
Sorted base classifier 2
.
.
.
.
.
.
.
.
.
Prediction hT
Sorted base classifier T

WV
Former S(1 S T )
classifiers combined SV

Fig. 1. Framework of MAD-Bagging.
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w j h jm( x)

S

m ax

m 1,2 ,

,cj 1
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ŷ
ŷ
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Table 2
Number of selected base classiﬁers in different ensembles.
Data

SVM

Credit
German
Glass
Heart
Hepatitis
Horse
Iono
Sonar
Votes
WDBC
Wine
WPBC
Ave.

CART

1NN

RE

MDM

SV

WV

RE

MDM

SV

WV

RE

MDM

SV

WV

7.0
15.9
17.0
3.8
20.7
3.1
3.5
1.9
2.3
16.7
2.3
1.0

7.4
23.0
1.9
3.0
15.9
3.5
3.6
11.0
2.3
9.5
1.5
1.0

2.2
12.5
6.8
4.0
20.9
16.1
1.8
4.9
2.3
10.3
10.6
1.0

3.1
7.3
2.8
2.4
1.9
4.2
1.8
2.3
1.8
1.4
1.0
1.0

11.6
29.7
13.6
13.1
2.2
2.2
14.1
35.8
12.6
29.8
15.6
40.8

11.3
64.1
9.8
24.6
10.1
14.2
9.5
32.0
2.0
11.9
6.0
46.3

13.3
20.8
47.5
10.7
4.6
8.3
16.8
18.7
2.7
11.8
17.4
28.0

10.3
21.0
4.0
5.6
3.3
2.4
3.3
7.6
4.5
7.2
4.6
11.1

3.9
5.1
3.0
2.8
2.0
2.3
1.6
4.9
3.0
2.9
1.0
4.1

4.3
3.9
2.5
2.7
2.6
1.8
3.7
2.8
6.1
2.5
1.0
3.6

3.8
4.8
3.3
2.7
1.5
1.8
1.5
3.4
4.3
2.0
1.5
5.7

3.6
7.3
3.9
2.4
1.8
1.6
2.6
3.2
3.4
4.6
1.5
7.3

7.9

7.0

7.8

2.58

18.4

20.1

16.7

7.1

3.1

3.1

3.0

3.6

Table 3
Classiﬁcation performance with SVM and its ensembles.
Data

SingleSVM

Bagging

RE

MDM

MAD-SV(l)

MAD-WV(l)

Credit
German
Glass
Heart
Hepatitis
Horse
Iono
Sonar
Votes
WDBC
Wine
WPBC

82.46 7 10.67
74.007 3.40
63.83 7 14.81
82.96 7 6.10
83.83 7 3.34
90.49 73.86
84.99 7 7.05
69.69 7 9.23
96.26 7 3.63
95.26 7 2.75
98.33 7 2.68
76.32 7 3.04

82.17 7 10.88
74.20 7 3.22
64.22 7 13.45
82.96 7 6.10
84.33 7 3.87
90.49 7 4.08
85.29 7 7.11
70.14 7 10.13
96.03 7 3.77
95.26 7 2.75
98.33 7 2.68
76.32 7 3.04

84.64 7 10.16
75.90 73.41
70.19 711.21
85.19 7 5.52
89.007 6.30
92.68 7 3.36
88.68 7 5.18
83.21 7 8.59
97.45 7 2.33
95.61 7 2.38
98.89 7 2.34
76.32 7 3.04

85.21 7 8.75
76.70 7 3.33
68.83 7 11.28
84.81 7 5.90
89.67 7 6.37
92.95 7 3.40
89.23 7 4.69
82.69 7 6.51
96.75 7 2.55
95.96 7 2.49
98.89 7 2.34
76.32 7 3.04

85.51 78.32(10)
77.007 3.13(10)
70.747 10.30(10)
85.93 75.47(0.01)
89.007 7.04(1)
92.94 73.64(50)
89.54 75.04(1)
83.69 77.85(50)
97.21 72.68(1)
96.14 72.16(10)
99.44 71.76(10)
76.32 73.04(0.01)

84.93 7 7.95(10)
75.70 7 3.37(10)
68.37 7 10.90(10)
84.44 7 3.83(10)
87.33 7 7.98(10)
92.39 7 3.78(1)
89.24 7 5.01(10)
82.26 7 8.69(50)
96.75 7 2.53(1)
95.79 7 2.21(1)
98.33 7 2.68(0.01)
76.32 7 3.04(0.01)

Ave.

83.20

83.31

86.48

86.50

86.95

85.99

Table 4
Classiﬁcation performance with 1NN and its ensembles.
Data

Single1NN

Bagging

RE

MDM

MAD-SV(l)

MAD-WV(l)

Credit
German
Glass
Heart
Hepatitis
Horse
Iono
Sonar
Votes
WDBC
Wine
WPBC

79.10 7 11.62
68.80 7 3.22
65.42 7 12.85
76.67 7 9.41
82.50 7 7.59
87.26 7 4.22
86.40 7 4.93
87.05 7 7.56
93.32 7 5.54
95.44 7 3.32
94.86 7 5.07
70.68 7 6.67

79.10 7 11.62
68.80 7 3.22
65.42 7 12.85
76.67 7 9.41
82.50 7 7.59
87.26 7 4.22
86.40 7 4.93
87.05 7 7.56
93.53 7 4.63
95.44 7 3.32
94.86 7 5.07
70.68 7 6.67

82.59 7 10.68
72.40 7 3.10
70.12 7 12.95
80.37 7 10.04
85.67 7 8.61
88.86 7 2.37
88.37 7 4.78
88.98 7 5.10
94.90 7 4.00
95.96 7 3.09
96.60 7 3.93
76.29 7 4.59

81.58 7 10.86
71.40 72.22
72.57 7 12.11
81.48 7 10.90
86.17 7 6.28
90.23 74.01
88.40 75.70
89.00 76.36
95.82 7 5.36
96.67 7 2.39
95.42 7 4.63
74.24 7 6.85

82.16 7 11.41(0.01)
72.50 72.22(1)
70.55 714.37(50)
81.11 7 7.08(100)
85.17 7 8.62(10)
90.51 74.40(50)
88.09 75.65(100)
90.40 75.10(50)
95.60 73.23(50)
96.84 7 2.72(1)
96.60 72.94(10)
75.79 7 8.37(0.01)

81.73 711.06(0.01)
71.107 3.07(10)
69.64 713.53(50)
78.89 78.56(100)
85.17 78.62(10)
89.43 74.76(50)
88.097 5.35(1)
88.95 76.89(0.01)
94.907 4.00(100)
96.67 72.67(1)
96.607 2.94(10)
75.79 79.31(0.01)

Ave.

82.29

82.31

85.09

85.25

85.44

84.75

where the second term penalizes the lp norm of the coefﬁcient vector
w (p Z 1, and in practice usually p A f1; 2g), and l Z0 is a tuning
regularization parameter. In order to get a sparse solution, we set
p¼1 [18].
The above optimization task is an l1 regularized least square
problems (l1 -LS) [30]. Here, all weights should be no smaller than
zero. The l1 -LS problem with nonnegativity constraints can be
rewritten as
min

JAxyJ2 þ l

n
X
i¼1

xi

s:t:

xi Z 0,

i ¼ 1; 2, . . . ,n:

ð8Þ

where the variable x A Rn and the data are A A Rmn and yA Rm .
Let y¼1 and A¼D in Eq. (8), it is easy to see Eq. (8) is equal to
Eq. (7) when p ¼1. Thus, we can obtain the solutions of this
optimization task with some existing algorithms [31].
When the weights of base classiﬁers are obtained, we can
rank the base classiﬁers in the descending order with respect
to their weights. As pointed out before, the base classiﬁers
with larger weights contribute more to the margin than other
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classiﬁers, we should ﬁrst consider the base classiﬁers with large
weights. So the classiﬁer with the largest weight is ﬁrst selected,
then classiﬁers are sequentially included in the ensemble one by

15

one until the accuracy of combined voting does not increase. The
simple plurality voting and weighted voting methods are used to
combine the predictions of classiﬁers.

Table 5
Classiﬁcation performance with CART and its ensembles.
Data

SingleCART

Bagging

RE

MDM

MAD-SV(l)

MAD-WV(l)

Credit
German
Glass
Heart
Hepatitis
Horse
Iono
Sonar
Votes
WDBC
Wine
WPBC

82.88 714.92
70.807 3.49
43.62 715.68
74.077 6.30
91.67 76.14
95.65 72.61
86.43 77.22
73.027 14.91
96.507 3.04
90.507 4.55
89.86 76.35
70.637 7.54

84.047 15.68
76.407 3.27
49.807 12.40
82.22 79.53
92.33 78.02
96.73 71.73
91.22 74.85
80.297 8.05
96.96 72.81
95.607 3.64
96.607 2.94
78.21 76.69

86.95 7 14.14
79.20 7 3.94
57.95 7 7.96
85.19 7 7.41
95.00 7 5.72
97.82 7 1.74
95.74 7 3.87
85.07 7 10.25
97.89 7 2.39
96.66 7 2.68
97.15 7 3.01
81.24 7 6.62

87.66 7 14.00
79.70 7 3.20
56.90 7 9.21
85.93 7 9.69
95.50 7 5.44
98.36 7 1.92
95.46 7 3.04
86.07 7 6.58
97.88 7 2.91
97.54 7 1.89
98.33 7 2.68
82.34 7 4.23

88.11 712.12(50)
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Fig. 2. Relation of accuracy and weights of Credit dataset with l ¼ 0:001.
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The whole framework of MAD-Bagging is described in Fig. 1.
There are four main steps in the framework:
1. Obtaining the bootstrap sample Xj from training set.
2. Computing the margin vector Dj with respect to each base
classiﬁer on the whole Xj.
3. Computing the weight vector w with l1 -LS optimal methods.
4. Combining the sorted base classiﬁers one by one to give the
prediction of test data.

4. Experimental analysis
In order to test the performance of MAD-Bagging, experiments
on 12 UCI data sets [32] are performed. The information about
these data sets is listed in Table 1. These data sets are normalized
in advance so that continuous features are valued in the interval
[0,1]. In the experiment, 10-fold cross validation method is used
to compute the performance of each dataset. First, the samples in
each class are divided into 10 subsets randomly. Second, we carry
out 10 trials for each dataset. In every trial, 9 subsets of each class

are composed as training dataset and the left one is used
as test dataset. For a given parameter l, we can construct an
optimization problem as Formulation (7) according to margin
distribution and use l1-LS algorithm to obtain the weights of each
base classiﬁer wj. We sort the base classiﬁer according to the
weights in the descending order. And the sizes of ensembles
producing the best accuracy are output. Third, the mean accuracy
and mean size of ensembles of the 10 trials are computed. Fourth,
we repeat the above process for different values of l. Finally, the
results presented in the tables are the best average accuracies
among all l and size of ensembles according to the accuracy.
In order to compare with the proposed technique, we perform
the same processing to RE and MDM. We sort the base classiﬁer
according to the accuracies of base classiﬁers in RE and distance
to the optimal solution in MDM, respectively. Then we add the
ﬁrst k classiﬁers one by one and use the test set to estimate the
classiﬁcation performance. We output the best accuracies of the
nested classiﬁcation systems.
In this work, we try both stable (1NN and SVM) and unstable
CART learners in training base classiﬁers. We discuss the
inﬂuence of these algorithms on the ﬁnal performance of
MAD-Bagging. SVM is implemented by LIBSVM software [33]
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Fig. 3. Relation of accuracy and weights of Sonar dataset with l ¼ 0:01.
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with default parameters. We use the functions of decision tree
method in matlab 7.1 with default parameters to model CART
classiﬁers, and 1NN classiﬁer employs the Euclidean distance.
We compare the performance of MAD-Bagging using simple
voting (MAD-SV), and MAD-Bagging using weighted voting (MADWV) with single classiﬁers, Bagging, RE, and MDM. For all ensembles
in our experiments, we train 200 base classiﬁers at ﬁrst. For pruned
ensemble, the sizes of ensembles producing the best accuracy are
reported. The results are shown in Tables 2–5, respectively.
From Table 2, we can see that the ensemble size of four pruned
ensemble methods is much smaller than 200. Most base classiﬁers are removed from the ensembles. These methods only utilize
a small part of classiﬁers in the ensemble. For SVM and CART
classiﬁers, the ensembles of MAD-WV method are the smallest,
and the sizes of the other three methods are nearly the same. For
1NN classiﬁers, the ensemble size of the four pruned ensemble
methods is much smaller. We also can see that SVM and 1NN
based MAD-Bagging consist of much fewer base classiﬁers than
CART based MAD-Bagging. This result suggests ensemble of many
stable classiﬁers is not useful for improving classiﬁcation performance. If the base classiﬁers are diverse, more base classiﬁers
would enhance the classiﬁcation power of the ensembles.
Now we discuss the classiﬁcation performance of different
ensembles. From Tables 3 to 5, we can see that the average accuracy
of single SVMs or 1NN is higher than that of CART, however the
performance of CART based Bagging is the best. Compared with single
classiﬁers, the performances of SVM and 1NN based ensembles do
not improve much, which shows us unstable weak classiﬁcation
algorithms are more useful for constructing powerful ensembles.
Among different ensemble techniques, it is easy to derive that
MAD-SV obtains the best average performance, which is better
than a single CART by 9%. Then MDM and MAD-WV also obtain
signiﬁcant improvement. As a whole, we see all these four pruned
ensembles outperform single classiﬁers and the original Bagging.
This result tells us that pruning is effective for improving
performances of ensemble learning.
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It is interesting to know which base classiﬁers are selected by
the optimization technique. Figs. 2 and 3 give the relation
between weights of base classiﬁers and their training accuracies.
From Table 2, we know that the ensemble size of pruned
ensembles is smaller than 50. Thus, we just give the best 50
classiﬁers with respect to the weights in these ﬁgures. If the base
classiﬁers are selected with the pruning techniques, they are
marked in the ﬁgures. We see that MAD-SV and MAD-WV are not
necessary to select the accurate base classiﬁers. That is to say, the
base classiﬁers with high classiﬁcation accuracies do not necessarily obtain large weights, which are computed with margin
distribution. Thus some base classiﬁers producing good performances are not selected by MAD-SV or MAD-WV. However, RE
usually selects the best base classiﬁers.
As to SVM, MAD-SV and MDM produce the best performance,
followed by MAD-WV and RE for Credit dataset. There are 37 base
classiﬁers in MDM ensembles, MAD-SV just uses 2 classiﬁers to
obtain the same accuracy. For Sonar dataset, MAD-SV and MADWV get the best performance, followed by MDM and RE.
For 1NN classiﬁers, MAD-SV, MAD-WV, RE, and MDM obtain
the same accuracy with selecting the same one classiﬁer for
Credit dataset. As to Sonar dataset, these four ensemble methods
obtain the same accuracy. But there are only one classiﬁer in
MAD-WV and MAD-SV ensembles. MDM includes 15 classiﬁers
and RE uses 10 classiﬁers to obtain the same accuracy.
As to CART, MAD-WV gets the best performance, followed by
MDM, MAD-SV, and RE for Credit dataset. However, the number
of classiﬁers selected by MAD-WV is the most. For Sonar, RE and
MAD-SV get the best performance, followed by MAD-WV and
MDM. 6 base classiﬁers are selected by MAD-SV, more than that
selected by RE.
Fig. 4 presents the sparseness of the learned weights with
different parameter values for l. It is easy to see if l increases,
the number of nonzero weights decreases. As to MAD-WV, the
ensemble size is smaller if l increases. However, as to MAD-SV,
there is no signiﬁcant difference when l varies.
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Fig. 4. Sparse characteristic of weights.
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5. Conclusion and future work
In this paper, we introduce margin distribution of ensembles to
select the subset of base classiﬁers for Bagging. The squared hinge
loss and l1 regularization are combined in the objective function. The
large margin leads to a smaller classiﬁcation loss. We optimize the
weights of base classiﬁers such that the classiﬁcation loss is minimized. At the same time, the sizes of ensembles are also controlled
through l1 regularization. This optimal problem is converted to an
l1-LS problem. Thus, a collect of existing techniques can be introduced to derive the solution. It is notable that there is a parameter l
to be set for controlling the sparsity of weights. If l increases, the
solution may become sparser.
In the experiments, we compare our methods MAD-SV and
MAD-WV with single classiﬁers, Bagging, RE and MDM on
classiﬁcation algorithms SVM, CART, and 1NN. Experimental
results on 12 UCI datasets are given. We can draw some conclusions from the analysis. First, unstable base classiﬁers can lead to
more powerful ensembles. Second, the base classiﬁers producing
high classiﬁcation accuracies may not be useful for constructing
powerful ensembles. Both diversity and accuracy should be
considered. Third, pruning is very effective for improving performance of ensembles. Last, optimizing margin distribution, instead
of minimal margin or classiﬁcation accuracy, improves the classiﬁcation of ensembles. We should learn the weights of base
classiﬁers based on margin distribution.
In this work, we just consider the squared hinge loss in the
optimization objective. In fact there are a collection of loss functions
to be used, such as the exponential loss and logistic loss. Moreover l2
regularization can also be considered and combined with different
loss functions. We will work along these directions in future.
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